Module 1
Section 1: Accumulation Functions

The accumulation function, denoted a(t), gives the value at time ¢ for an initial
time 0 investment of 1. So a(0) = 1. The amount function, denoted A(t), gives the
value at time ¢ for an initial time 0 investment of C. So 4(0) = C. The amount
function is obtained from the accumulation function by multiplying the
accumulation function by the amount of the initial investment. The “timeline” is:
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We focus primarily on the accumulation function. We accumulate from time 0 to
time ¢ by multiplying by a(t), and we discount from time ¢ back to time 0 by
dividing by a(t). We can relate a time k value of X to its equivalent (or indifference)
time n value Y using accumulation functions as follows:
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Y =X-%:—;,orsolvingfoereget,X =Y.

For each deposit, the amount of interest earned between times k and n equals the
difference between the equivalent time n value of the deposit and the equivalent
time k value of the deposit.



Module 1 Section 1 Problems:

Note: The problems at the end of each section are “warm-up” exercises. These are
generally not the type of problem that you will see on an actuarial exam. Actuarial
exam type problems are generally harder problems that cover more than what is

covered in any one section. These types of problems are at the end of each module.
As with all math problems, strive to use correct notation.

For Problems 1-8, you are given the following accumulation function information:
a(l) = 1.2, a(2) = 1.5, a(3) = 2.0,and a(4) = 3.0
(Remember that a(0) = 1 for all accumulation functions.)
100 is deposited at time t = 0. Determine the accumulated amount at time t = 3.
Determine the present value at time t = 0 of 60 at time t = 4.
The value at time t = 2 is 300. Determine the accumulated value at time ¢ = 3.
Determine the discounted value at time t = 1 of a value of 600 at time t = 4.
Given 480 at time t = 1, plus 300 at time ¢t = 3:
a. Determine the (total) present value at time ¢ = 0 of the two payments.
b. Determine the (total) accumulated value at time t = 4 of the payments.
c. Determine the (total) value at time t = 2 of the payments

Determine the amount of interest earned from time t = 2 to time t = 4 if 500 is
invested at time t = 0.

Determine the amount of interest earned from time t = 2 to time ¢ = 3 if 300 is
invested at time t = 1.

Determine the amount of interest earned from time ¢t = 2 to time ¢ = 4 if 240 is
invested at time ¢t =1 and an additional 300 is invested at time ¢ = 3.



(Sojq,‘&;)%é %—\&7 /lLoV(»uﬁe 1 Sec,één .j_.. PFDQ)QQ/MS

(-
Se,{"%p 1 {,d 1,5 o) S0
) % i + —
° | 2 3 .
) ‘Cﬁ/,,,fi_?
’ 5
X = 100 al(3) = [00-(2.0)
S X = OO

o +
foo _ e 5 [X=290
X= i -3 ¢
200 _— X
@ | % .
o 2 KA
U (
Wl 20
X= 30 -a(ﬂ =300 [S
oI X = H00
Lﬂ X §&—— (oo
} | \
o |
/‘F | _‘f_ifl ’:Q) [, R
N = 0O L) 2,0




5) g0 300

[ {
i ] ! , {
I {
& 3
. ? ;
= 1
H O Y
@ K= an t o = E e
. [.a 2. 0
“IX = 550
© Y= Hzo &L oo £
) a1 e a3
, 3.0 3.0 _
N S —>Y = [(,50

© Z=Hgo ZZ: + 300 2@

s

NS

 Uon LS , —
= QY0 b 30 =5 :\7/%: J S {

NO("Q: Of\% we WDDxMJ\ X) we. C,Oew@f)( Acwc.,
ygééefmmeu( Y /€ Z KA&\RGar a& -pacé\s

N =M a(H) 5 ard

Q\ Z pud X ”‘Ca\f
b) iE
- ]
o oL L(
f i

Toyuy = SO0 -al) — §00 . a2
- o0 (z.0) — oo (1L§)

A :”76’()1

C2,47]




-
[N

g T
)
. D
V)

i
!
2 3
T s
T = 300 a(3) 50 2 ()
La.34 a 3 £ 00

f .
ol 2 Y
f\

(;Lr"z.}v&.&{j

E;r the 1O F““f“\fﬂt; we zu,,ﬁ the |ntenct \
a(4) , o (3)
. § Y - - - ®) A

' . (L8
- Il = QL{O(%‘%\“ QMO ey = 300

a (MY - 3
L1 ke E=Y ant eguels T,= B0 AT~ 200 = 3oo(3)-3e0
S, = |50
— oy =4SSO
IEO&”X B ZOO e &CCuf‘xLQ&{‘e-"ﬁ”

(M‘&i/ ﬂvaie, Snﬁu ‘;é;rsfo m) , ﬂe, ’{‘oéué /\V&JQMQ, 0'(‘ %ﬁﬁ Pa% meﬁ&

: . oun &l &l _ 3.0 (29
b tiee Yoo AV% = X140 + 302 cha—?fo(z.a ‘*3%(;:)

AV, = 1050
At tine O, we Og‘"‘? “Lé—w‘mﬁaée, the 24O F’“’“{«e;.i; ge’_fé',aff
B, = avo 22 = 20 (F) = 200
ed for

, a(\}y — [
TL\& d‘{faf&xae} )4\/‘_‘ - 44\/‘;1 - [0S ~3uo= TS50 s QCCOM%
L7 !"‘{"‘m':’{ tndk 5‘40{5% ek ?Wm&.&é&_ The a»{d:’é‘éamﬁ payaent
s 200 (;G.{l t::’g\) ind S0 ’fﬂxa !‘q{;ed,ﬂéé La ICD;"«{'}“: 15002&3:%50'



Section 2: Simple and Compound Interest

Simple Interest:

a(t) = 1 + it, where i is the simple interest rate and ¢ is measured in years

Discrete Compound Interest: (Converted and Payable are synonyms for Compounded)

a(t) = (1 + )", where i is the periodic effective interest rate (eir) and t is measured
in same time unit (match periods for i and t).

In the context of discrete compounding, 1 + i is the periodic accumulation factor
and v = 1—% is the periodic discount factor.

Continuously Compounding Interest:

a(t) = e%, where § is the continuously compounded interest rate and ¢t is measured
in years. Actuaries refer to § as the (constant) force of interest.

In the context of continuous compounding, e? is the annual accumulation factor and
v = e~% is the annual discount factor.

Periodic Effective Interest Rates:

Kk = %ﬂ is the periodic effective interest rate (eir) for the kth period.
In the context of compounding, iy, is constant. We abbreviate the monthly effective
interest rate by meir, the quarterly effective interest rate is abbreviated by geir, etc.

Nominal Interest Rates:
In the context of discrete compounding, we let m denote the number of

compounding periods per year. The nominal interest rate is the rate quoted and is
;(m)
denoted by i™. The periodic eiris i = 5-1;-1-

Equivalent Rates: (Indifference Rates)
When compounding, we determine equivalent rates by accumulating or discounting

a given amount (we can use $1) over an arbitrary period of time. For simple
interest, we must be given the period of time over which to accumulate or discount.



Module 1 Section 2 Problems:

An account pays 3% simple interest.
a. Determine the accumulation function.
b. Determine the effective interest rate for the 4th year.
¢. Determine the effective interest rate for the 6% year.
d. Determine the effective interest rate for the 9th month.
e. Determine the effective interest rate for the 13th month.

Four years ago David made an initial deposit into an account that pays 6% simple
interest. Unfortunately, David does not remember how much he initially deposited
into the account. He currently has 1240 in the account. Determine how much David
will have in the account one year from now.

An account pays 6% interest, compounded monthly.
a. Determine the accumulation function.
b. Determine the effective interest rate for the 3¢ month.
c. Determine the effective interest rate for the 5t month.
d. Determine the monthly accumulation factor.
e. Determine the monthly discount factor.
f. Determine the effective interest rate for the 2nd quarter.
g. Determine the effective interest rate for the 4th quarter.
h. Determine the quarterly accumulation and discount factors.
Four years ago David made an initial deposit into an account that pays 6% interest,
compounded semiannually. Unfortunately, David does not remember how much he
initially deposited into the account. He currently has 1240 in the account.
Determine how much David will have in the account one year from now.

An account pays interest using a constant force of interest equal to 7%.
a. Determine the accumulation function.
b. Determine the annual accumulation and discount factors and the aeir.
¢. Determine the monthly accumulation and discount factors and the meir.

An account pays 7% interest compounded annually. Determine the equivalent force
of interest.

An account pays 4% interest compounded semiannually. Determine the equivalent
force of interest.

Four years ago David made an initial deposit into an account that pays interest using
a constant force of interest equal to 6%. Unfortunately, David does not remember
how much he initially deposited into the account. He currently has 1240 in the
account. Determine how much David will have in the account one year from now.



10.

X is deposited into an account that pays 3% interest, compounded quarterly. The
accumulated value after 8 years is 10000. Determine X.

200 is deposited into an account that pays 6% simple interest for the first 3 years
the money is in the account, then 8% compounded quarterly for the next 2 years the
money is in the account, then a constant force of interest of 5% thereafter.
Determine the amount in the account after 10 years.
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Section 3: Simple and Compound Discount
Simple Discount:

a(t) = (1 —dt)™!, where d is the simple discount rate and t is measured in years

Discrete Compound Discount: (Converted and Payable are synonyms for Compounded)

a(t) = (1 — d)7", where d is the periodic effective discount rate (edr) and ¢ is measured in
same time unit (period).

In the context of discrete compounding, (1 — d)~! is the periodic accumulation factor and
v = 1 — d is the periodic discount factor.

Continuously Compounding Discount: (Same as continuously compounded interest.)

a(t) = e%, where § is the continuously compounded discount rate and ¢ is measured in
years.

In the context of continuous compounding, e? is the annual accumulation factor and
v = e~ ¢ is the annual discount factor.

Periodic Effective Discount Rates:

a(k)-a(k—1)

2 is the periodic effective discount rate (edr) for the kth period.

dk =
In the context of compounding, dj, is constant. We abbreviate the monthly effective discount
rate by medr, the quarterly effective discount rate is abbreviated by gedr, etc.

Nominal Discount Rates:
In the context of discrete compounding, we let m denote the number of compounding

periods per year. The nominal discount rate is the rate quoted and is denoted by d™. The
(m)
periodicedrisd = g-m—.

Equivalent Rates: (Indifference Rates) (Same as with interest rates.)
When compounding, we determine equivalent rates by accumulating or discounting a given

amount (we can use $1) over an arbitrary period of time. For simple discount, we must be
given the period of time over which to accumulate or discount.



Module 1 Section 3 Problems:

An account pays interest using a 5% simple discount rate.
a. Determine the accumulation function.
b. Determine the effective interest rate for the 4th year.
c. Determine the effective discount rate for the 4t year.
d. Determine the effective interest rate for the 6t year.
e. Determine the effective discount rate for the 6t year.

Four years ago Carol made an initial deposit into an account that pays interest using a 6%
simple discount rate. Unfortunately, Carol does not remember how much she initially
deposited into the account. She currently has 1000 in the account. Determine how much
Carol will have in the account one year from now.

An account pays interest using a 8% discount rate, compounded semiannually.
a. Determine the accumulation function.
b. Determine the semiannual discount and accumulation factors.
c. Determine the equivalent aeir and aedr.

Four years ago Carol made an initial deposit into an account that pays interest using a 6%
discount rate, compounded quarterly. Unfortunately, Carol does not remember how much
she initially deposited into the account. She currently has 1000 in the account. Determine
how much Carol will have in the account one year from now.

An account pays interest using a constant force of discount equal to 7%.
a. Determine the accumulation function.
b. Determine the annual accumulation and discount factors.
¢. Determine the equivalent aeir and aedr.

An account pays interest using a 7% discount rate, compounded annually. Determine the
equivalent force of interest.

An account pays interest using a 4% discount rate, compounded semiannually. Determine
the equivalent force of interest.
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Section 4: General Force of Interest
Relating force of interest to accumulation functions:

7
Given a(t), then 6, = %t)—) (tis measured in years)

t
Given &, then a(t) = elo 0rdr (tis measured in years)

Accumulating and Discounting using accumulation functions:

X 3
e
) K "

n k
Y =X el ® % orequivalently, X = v - e St

Special Cases:

1.
O Oy
= ¢ = a0 = (575)

2. Constant Force of Interest: §, = § (see earlier notes on continuous
compounding)

a(t) = edt



Module 1 Section 4 Problems:
Givena(t) =1+ 2t + % t?, determine an expression for the general force of interest.
Given a(t) = 100 + 200t + 50t?, determine &,.
Given 8§, = —— determine a(1)
iven 6, = —— determine a(1).

Suppose &, = .02¢t, t > 0.
a. Determine the accumulation function.
b. Determine the accumulated value at time 7 of the time 3 value of 100.

Given §; = 1;0033r determine the discounted value at time 2 of the time 6 value of 50.
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Section 5: Summary

Accumulation Functions:

X &—up Y

{
K 45\ X =Y

Interest Scenario

Accumulation Function

i - simple interest

a(t) =1+ it, t measured in years

i - periodic eir

a(t) = (1 + i)', t measured in periods

d - simple discount

a(t) = (1 —dt)~!, t measured in years

d - periodic edr

a(t) = (1 —=d)~", t measured in periods

&¢ - general force of interest

t
a(t) = eh® 9 ¢t measured in years

e ()

M= X A

a {1\

a (nY

Constant Force of Interest Special Case: (Continuous Compounding)
6t = (S == a(t) = e6t
General Force of Interest Special Case:

5 =c f1@) @ = (f(t))c

Fo T o

Periodic Effective Interest and Discount Rates: (eir's and edr’s)

) altk) —a(k—=1) a(k) —alk—1)
ly = dk =
a(k —1) a(k)
When compounding,
- . jm) p 4 dm
he=i=or desd=—

periodic accumulation factor = 1 +i = (1 - d)™?!
periodic discount factor = v =1-d = (1 + i)~}
Annual Compounding Case: (i=aeirandd=aedrand §, = §)

v=1-d=(1+i)t=¢"°



